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Let k be a commutative artin ring and let Λ be an artin k-algebra.
For each natural number d let repd Λ be the set of isomorphism
classes of Λ-modules with k-length equal to d. For each natural
number n, an (n × n)-matrix with entries in Λ, can be considered
as a k-endomorphism of Mn , where Mn denotes the direct sum
of n copies of the Λ-module M . The quasi-order n on repd Λ is
deﬁned by M n N if for every (n×n)-matrix ϕ, with entries in Λ,
we have that k(Mn/ϕMn) k(Nn/ϕNn).
We show that the quasi-order n is a partial order on repd Λ for
n d3.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
For an artin k-algebra Λ, where k is a commutative artin ring, and a natural number d, let repd Λ
be the set of isomorphism classes of Λ-modules X such that the k-length of X , k(X), is d. One can
deﬁne several partial orders on repd Λ, such as the degeneration order deg, the virtual degeneration
order vdeg and the Hom-order hom. The two ﬁrst of these orders come from geometry when k
is an algebraically closed ﬁeld. However, due to a result of C. Riedtmann combined with a result of
G. Zwara (see [6,8]) these orders have a purely module theoretical interpretation. Namely, M deg N
is equivalent to the existence of a short exact sequence of Λ-modules of the form
0 X X ⊕ M N 0
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Zwara also showed that this is equivalent to the existence of a short exact sequence of the form
0 N M ⊕ X X 0.
The relation vdeg is deﬁned by M vdeg N if there exists a Λ-module Y such that Y ⊕M deg Y ⊕ N .
Finally, the Hom-relation is deﬁned by M hom N if k(HomΛ(X,M))  k(HomΛ(X,N)) for all Λ-
modules X . The fact that hom is a partial order is due to a result of M. Auslander. In [1] he showed
that M  N if and only if (HomΛ(X,M)) = (HomΛ(X,N)) for all ﬁnitely generated Λ-modules X .
From Proposition 5 in the main section of this paper it follows that one does not need to consider all
X to show that M  N , it is enough to look at a certain ﬁnite set of submodules of M and N . This is
proved using a construction due to O. Iyama [4].
It is known that M deg N implies M vdeg N which implies M hom N . However, due to an exam-
ple of J. Carlson we do not have that vdeg is equivalent to deg in general. It is still open whether
vdeg is equivalent to hom. For some classes of algebras it is known that these three orders coin-
cide, e.g. algebras of ﬁnite representation type and tame hereditary algebras. For a quick overview the
reader is referred to [7].
Here we will look at the Hom-order and the quasi-orders n . If for every (n × n)-matrix, ϕ , with
entries in Λ, we have that k(Mn/ϕMn) k(Nn/ϕNn), then we write M n N . If k is a ﬁeld there is
a strong link between these quasi-orders and the Hom-order, in the sense that there exists a natural
number nd such that nd is a partial order on repd Λ and this partial order coincides with hom. In
the case where Λ is of ﬁnite representation type, it is known that there is a universal n such that n
is a partial order on repd Λ for any d (see [5]). The main result, Theorem 6, states that d3 is a partial
order.
2. Preliminaries
Let k be a commutative artin ring and let Λ be an artin k-algebra. For a ring R we have that if M is
a right R-module, then it is in a natural way a left Rop-module. Therefore, throughout this article all
modules will be unital left modules. Denote by modΛ the category of ﬁnitely generated Λ-modules
and for M in modΛ let addM be the additive closure of M in modΛ. If not speciﬁed otherwise, the
length, (M), of a Λ-module M will mean its length as a k-module. We will write R(−,−) instead
of HomR(−,−). For a Λ-module M let radM be the Jacobson radical of M , that is the submodule
of M given by the intersection of all maximal submodules of M . For artin algebras it is known that
radM = (radΛ) · M . Moreover, the socle of M , socM , is the sum of all simple submodules of M , i.e.
the largest semisimple submodule of M .
Let K0(modΛ) = F (modΛ)/R(modΛ) denote the Grothendieck group of modΛ, where F (modΛ)
is the free abelian group on the isomorphism classes of Λ-modules and R(modΛ) is the subgroup
generated by all short exact sequences of Λ-modules. Let [M] denote the element in K0(modΛ)
corresponding to the module M in modΛ. Furthermore, for a ring R , denote by P(R) the full sub-
category of mod R consisting of projective R-modules.
For a module M , Mn denotes the direct sum of n copies of M . Let Mn(Λ) be the set of
(n×n)-matrices with entries in Λ. A matrix ϕ ∈Mn(Λ) induces a k-endomorphism on Mn by matrix
multiplication from the left, and we denote the image of this homomorphism by ϕMn . It also induces
a Λ-endomorphism on Λn by matrix multiplication from the right, and we denote the image of this
by Λnϕ .
Deﬁnition. The Hom-relation hom on repd Λ is deﬁned by M hom N if (HomΛ(X,M)) 
(HomΛ(X,N)) for all X in modΛ.
It is obvious that the relation hom is reﬂexive and transitive. In [1] Auslander showed that M  N
if and only if (Λ(X,M)) = (Λ(X,N)) for all X in modΛ, and thus that hom is antisymmetric
and hence a partial order. The result also holds in the more general setting of a commutative ring
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generalization was proved by Bongartz in [3].
One can equivalently deﬁne a Hom-order ′hom by looking at Λ(M, X) and Λ(N, X), however this
gives the same partial order as hom. For the convenience of the reader we will recall a proof of this
fact.
Proposition 1. Let M and N be modules in repd Λ. Then M hom N if and only if M ′hom N.
Proof. We ﬁrst consider the case where (Λ(P ,M)) < (Λ(P ,N)) for an indecomposable projective
Λ-module P . Since (M) = (N) and (M) = (Λ(Λ,M)) there exists another indecomposable pro-
jective Λ-module P ′ with (Λ(P ′,M)) > (Λ(P ′,N)), so M and N are incomparable. Moreover, for an
indecomposable projective Λ-module P , EndΛ(P )op (Λ(P ,M)) is equal to the number of times the sim-
ple module P/ rad P occurs as a composition factor of M . Likewise, for an indecomposable injective
Λ-module I , EndΛ(I)(Λ(M, I)) is equal to the number of times the simple module soc I occurs as a
composition factor of M . Since P and I are indecomposable, EndΛ(I) and EndΛ(P ) are local rings,
thus we see that
k
(
Λ(P ,M)
)= EndΛ(P )op
(
Λ(P ,M)
) · k
(
EndΛ(P )/ rad
(
EndΛ(P )
))
,
k
(
Λ(M, I)
)= EndΛ(I)
(
Λ(M, I)
) · k
(
EndΛ(I)/ rad
(
EndΛ(I)
))
.
Let I be the indecomposable injective Λ-module corresponding to P , i.e. I is the injective enve-
lope of P/ rad P . By the above we have that (Λ(P ,M)) < (Λ(P ,N)) implies (Λ(M, I)) < (Λ(N, I)).
Hence we get that (Λ(P ,M)) = (Λ(P ,N)) for all projective Λ-modules P if and only if (Λ(M, I)) =
(Λ(N, I)) for all injective Λ-modules I .
Now if (Λ(P ,M)) = (Λ(P ,N)) for all projective Λ-modules P , it follows from Corollary IV.4.3 in
[2] that (Λ(M, D Tr X))  (Λ(N, D Tr X)) if (Λ(X,M))  (Λ(X,N)), where D Tr : modΛ → modΛ
is the Auslander–Reiten translate on modΛ. Hence, we get that (Λ(X,M)) (Λ(X,N)) for all X in
modΛ, if and only if (Λ(M, X)) (Λ(N, X)) for all X in modΛ. 
Deﬁnition. Let M,N ∈ repd Λ. We say that M n N if for every ϕ ∈Mn(Λ) we have that

(
Mn/ϕMn
)
 
(
Nn/ϕNn
)
.
In general this gives a quasi-ordering on repd Λ, however it is not always antisymmetric. It is
known that d5 is a partial order on repd Λ (see [5]).
We now give some basic facts about these quasi-orderings.
Proposition 2. Let M and N be modules in repd Λ, and let m and n be natural numbers. Then
(1) M n N implies M m N whenever m n. In particular, if m is a partial order, then so is n.
(2) M hom N implies M n N.
Proof. Part (1) follows from the fact that if m n, every (m×m)-matrix can be expanded to a (n×n)-
matrix simply by ﬁlling in enough zeros.
To show part (2), we consider the following exact sequence
Λn
−·ϕ
Λn Λ
n/Λnϕ 0
with ϕ ∈Mn(Λ). By applying Λ(−,M) to the sequence above we get the following exact commutative
diagram:
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Λ(−·ϕ,M)
Λ(Λ
n,M)
 
Mn
ϕ·−
Mn Mn/ϕMn 0.
Since the alternating sum of the lengths of the modules in an exact sequence equals zero, this yields
that (Mn/ϕMn) = (Λ(Λn/Λnϕ,M)), and hence M hom N implies that M n N for all n. 
3. The main result
We begin by stating and proving the following lemma.
Lemma 3. Let M,N ∈ repd Λ and X ∈ reps Λ. If M d2s N and N d2s M, then l(Λ(X,M)) = l(Λ(X,N)).
Proof. Note ﬁrst that without loss of generality we may assume that annM = annN , since otherwise
there is a λ ∈ Λ such that (M/λM) = (N/λN). Let Γ = Λ/annM . We then have that Γ ⊆ Endk(M)
and hence (Γ ) d2, and Γ (X/annM · X,M)  Λ(X,M) and Γ (X/annM · X,N)  Λ(X,N). Then we
may ﬁnd a free resolution of X over Γ which is of the form
Γ d
2s Γ s X/annM · X 0.
By adding d2s − s copies of the algebra Γ to the second and third terms, we get the exact se-
quence Γ d
2s
ϕ
Γ d
2s X/annM · X ⊕ Γ d2s−s 0, where ϕ can be described by a matrix in
Md2s(Λ). By applying Γ (−,M) and Γ (−,N) and counting lengths in the resulting sequences, we get
that

(
Γ (X/annM · X,M)
)+ (ϕMd2s)= s · (M),

(
Γ (X/annM · X,N)
)+ (ϕNd2s)= s · (N).
Since M and N are both in repd Λ, we have (M) = (N) = d, and M d2s N and N d2s M implies
that (ϕMd
2s) = (ϕNd2s). Hence,

(
Λ(X,M)
)= (Γ (X/annM · X,M)
)= (Γ (X/annM · X,N)
)= (Λ(X,N)
)
. 
Note that if one considers all matrices, rather than just square matrices, adding Γ d
2s−s is not
necessary. In other words, it is suﬃcient to look at (d2s × s)-matrices.
In [4] O. Iyama showed that for each L in modΛ we can ﬁnd submodules Li ⊂ L for i = 1, . . . , r
such that gl.dim.EndΛ(
⊕r
i=0 Li) < ∞ where L0 = L. In [4] these submodules are given by Li+1 =
rad(EndΛ(Li)) · Li , i.e. Li+1 is the submodule generated by the images of all maps in the Jacobson
radical of EndΛ(Li).
Remark 4. This construction behaves nicely with respect to direct sums, that is if L = M ⊕ N then
rad(EndΛ(L)) · L  M1 ⊕ N1 with M1 ⊂ M and N1 ⊂ N .
Proposition 5. Let M and N be in repd Λ and let L0 = M ⊕ N and Li+1 = rad(EndΛ(Li)) · Li for i = 1, . . . , r
with Lr+1 = 0. Then M  N if and only if (Λ(X,M)) = (Λ(X,N)) for all X in add⊕ri=0 Li .
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EndΛ(C)op, and suppose that (Λ(X,M)) = (Λ(X,N)) for all X in addC . It is suﬃcient to consider
the indecomposable objects in addC . Let C ⊕tj=1 C j be a decomposition of C into indecomposable
Λ-modules. We then have an equivalence of subcategories Λ(C,−) : addC P(Γ ). For each C j
we have a k-isomorphism Γ (Λ(C,C j),Λ(C,M))  Λ(C j,M). Since C j is in addC , by assumption we
get that (Γ (Λ(C,C j),Λ(C,M))) = (Γ (Λ(C,C j),Λ(C,N))). As C j is indecomposable, EndΛ(C j) is a
local ring. Therefore we have that

(
Γ
(
Λ(C,C j),Λ(C,M)
))= (Γ
(
Λ(C,C j),Λ(C,N)
))
also when we consider lengths over EndΛ(C j)op. This common number, which we denote by mj ,
is the multiplicity of the simple Γ -module S j = Λ(C,C j)/ rad(Λ(C,C j)) as a composition factor of
Λ(C,M), and as a composition factor of Λ(C,N), for j = 1, . . . , t . We then have that [Λ(C,M)] =∑t
j=1mj[S j] = [Λ(C,N)] as elements in the Grothendieck group K0(modΓ ) of Γ . By [4], Γ has
ﬁnite global dimension, and thus we have that the indecomposable projective Γ -modules constitute
a basis for K0(modΓ ). This implies that every projective Γ -module is determined by its composition
factors, and therefore Λ(C,M)  Λ(C,N). The equivalence Λ(C,−) : addC P(Γ ) then yields that
M  N . 
By combining Lemma 3 and Proposition 5 we get the following result.
Theorem 6. The relation d3 is a partial order on repd Λ.
Proof. It is enough to prove that the relation d3 is antisymmetric. Suppose that M d3 N and
N d3 M . Let L0 = M ⊕ N and let C =
⊕r
i=0 Li where Li+1 = rad(EndΛ(Li)) · Li for i = 1, . . . , r with
Lr+1 = 0. Let C =⊕tj=1 C j be a decomposition of C into indecomposable Λ-modules. By Remark 4
we have that C j ⊂ M or C j ⊂ N for all 1  j  t , and therefore s j = (C j)  d. Since d3  s jd2,
Lemma 3 yields that (Λ(C j,M)) = (Λ(C j,N)) for each indecomposable summand C j of C , and hence
(Λ(X,M)) = (Λ(X,N)) for all X in addC . Thus the conditions of Proposition 5 are satisﬁed and we
have that M  N and the relation d3 is a partial order on repd Λ. 
4. Closing comment
For an M in repd Λ, the length of the ﬁrst syzygy of M as a module over Λ/annM is bounded by
d3 − d. Therefore, n will be a partial order on repd Λ for nmax{d3 − d,d}.
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